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Abstract We apply Starobinsky’s formalism of stochas-
tic inflation to the case of a massless minimally cou-
pled scalar field with linear self-interaction potential.
We solve the corresponding Fokker-Planck equation ex-
actly, and obtain analytical expressions for the stochas-
tic expectation values.
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1 Introduction
Inflation [1,2] is widely accepted as the standard paradigm
of the early Universe. The first reason is due to the fact
that several long-standing puzzles of the Hot Big-Bang
model, such as the horizon, flatness, and monopole prob-
lems, find a natural explanation in the framework of in-
flationary Universe. In addition, and perhaps the most
intriguing feature of inflation, is that it gives us a causal
interpretation of the origin of the Cosmic Microwave
Background (CMB) temperature anisotropies [3], while
at the same time it provides us with a mechanism to
explain the Large-Scale Structure (LSS) of the Uni-
verse, since quantum fluctuations during the inflation-
ary era may give rise to the primordial density pertur-
bations [4].
Despite its success a theory of inflation is still miss-
ing, since as of today we do not know neither what the
inflaton is nor why the inflaton potential is so flat. Fur-
thermore, the inflaton potential cannot be derived from
a fundamental theory in a unique way. All we have is a
large collection of inflationary models (see e.g. [5], and
for a classification of inflationary models see e.g. [6]). In
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single-field inflationary models with a canonical scalar
field in Einstein’s General Relativity (GR) there are ba-
sically four classes of models, namely large field models,
small field models, hybrid models and linear inflation
that lies between large and small field models. After
the latest Planck results [7] many inflationary models
based on monomial potentials have been ruled out or
are disfavored by data. There are of course the Starobin-
sky’s model [1] as well as the Higgs inflation model [8]
which are in agreement with the data, but they are ex-
tensions of GR. The linear inflaton potential is still in
agreement with observations, but difficult to realize in
particle physics models. However, recently it was shown
that the Coleman-Weinberg potential [9] together with
a nonminimal coupling of the inflaton to gravity leads to
attractor solutions that interpolate between quadratic
inflation, which is ruled out by recent measurements,
and linear inflation, which lies within the allowed re-
gion [10,11]. In particular, first in [10] it was shown that
the predictions of linear inflation for the observables
can be achieved in the context of well-defined quantum
field theory, without introducing complicated interac-
tions by hand. Then in [11] the authors extended the
previous discussion, presenting a more detailed study of
the parameter space, and they also added a discussion
on reheating.
During inflation infrared logarithms arise in the ex-
pectation values of operators of quantum field theories
that contain massless minimally coupled scalar fields
or gravitons. For an incomplete list see e.g. [12] and
references therein. These terms are powers of the log-
arithm of the inflationary scale factor a = exp(Ht),
with H being the Hubble constant, and are very ex-
citing because they may signal important quantum ef-
fects [13]. However, their continued growth implies that
when inflation has proceeded for a long time, the large
2logarithms eventually overcome the small coupling con-
stants. Therefore the effects become non-perturbative
and perturbation theory breaks down. A natural ap-
proach to obtain non-perturbative information is the
leading logarithm approximation [14], in which one at-
tempts to sum the series comprised of just the leading
infrared logarithms at each order. For scalar fields with
non-derivative interactions Starobinsky’s technique of
stochastic inflation [15,16] recovers the leading infrared
logarithms at each order, and the series of these lead-
ing effects at all orders can be resummed [17] to give
non-perturbative predictions.
Given the observational bound on the tensor-to-
scalar ratio r < 0.07 [18], the slow-roll parameter ǫ =
r/16 is extremely close to zero, ǫ < 0.0044, and there-
fore the de Sitter spacetime is an excellent approxima-
tion to inflation. The goal of this work is to study the
effect of a minimally coupled scalar field with a lin-
ear self-interaction potential using Starobinsky’s for-
malism. Our work is organized as follows: After this
introduction, we briefly summarize stochastic processes
in the Langevin and Fokker-Planck approach in the sec-
ond section. Then we apply this formalism to the case
of a canonical scalar field with a linear potential follow-
ing the Starobinsky’s technique in section three. Finally
we conclude in the last section.
2 Stochastic processes
The observation that small pollen grains, when sus-
pended in water, are found to be in a very animated and
irregular state of motion, was first systematically inves-
tigated by the Scottish botanist Robert Brown in 1827,
and the observed phenomenon naturally was named af-
ter him. First A. Einstein [19] in 1905 and indepen-
dently M. Smoluchowski in 1906 [20], and some time
later Paul Langevin [21] in 1908 (see [22] for a trans-
lation of the original Langevin paper in English) ex-
plained Brownian motion using different but equally
successful approaches. From the one hand, Einstein’s
analysis was based on the diffusion equation
∂f(t, x)
∂t
= D
∂2f(t, x)
∂2x
(1)
where D is the diffusion coefficient, with the initial con-
dition f(x, t = 0) = δ(x) where δ(x) is Dirac’s delta
function. The solution of the diffusion equation is given
by [23]
f(t, x) =
1√
4πDt
exp(− x
2
4Dt
) (2)
and the mean of the square of displacement is given
by 〈x2〉 = 2Dt. On the other hand, Langevin started
from Newton’s equation of motion assuming a Stokes’s
drag force and a random thermal force due to the con-
tinuous bombardment from the molecules of the liquid.
Although he did not exploit all richness of his model,
Langevin obtained in the late-time regime Einstein’s re-
sult, namely 〈x2〉 = 2(kBT/6πaµ)t, where kB is Boltz-
mann’s constant, T is the temperature, µ is the fluid
viscosity, and a is the radius of the particle. Therefore,
thanks to Langevin’s approach the Brownian motion,
diffusion as well as the random walk were all linked to-
gether, a view that soon quantified experimentally by
Perrin [24]. Therefore the diffusion coefficient can be
computed in terms of properties of the fluid and the
Brownian particles, which is the Einstein-Stokes for-
mula D = (kBT )/(6πaµ).
In modern times Langevin’s approach is still in use.
The Langevin equation for the process x(t) (let us call
it the position of a moving particle) reads
x˙ = A(x) + ξ(t) (3)
where A(x) is an external applied force, the dot denotes
derivative with respect to time, and ξ(t) is assumed to
be a Gaussian white noise
〈ξ(t)〉 = 0 (4)
〈ξ(t1)ξ(t2)〉 = 2Dδ(t1 − t2) (5)
Since the random force ξ(t) is not known, we can only
compute mean values of powers of the position, or the
moments, 〈xn〉, once the density probability function is
known. The density probability function u(t, x) satisfies
the corresponding Fokker-Planck (FP) equation [25]
∂u(t, x)
∂t
= −∂(A(x)u(t, x))
∂x
+D
∂2u(t, x)
∂2x
(6)
where the first term is due to the external force while
the second term is the diffusion term with a constant
diffusion coefficient D. If we ignore the external applied
force, the FP equation reduces to the standard diffu-
sion equation. That explains why the Einstein’s and
Langevin’s approaches were equally successful. Solving
the FP equation we then can compute the moments
performing the integrals
〈xn〉 =
∫
∞
−∞
dwu(t, w)wn (7)
and they are functions of time. Although seemingly
quite different equations, when the diffusion equation
and the FP equation at hand have the same number of
symmetries, or equivalently when the following condi-
tion is satisfied [26]
2DA′(x) +A(x)2 = c0 + c1x+ c2x
2 (8)
the FP equation can be recast into the diffusion equa-
tion, and therefore admits an exact analytical solution.
33 Application of Starobinsky’s formalism to a
massless canonical scalar field with a linear
potential
In this section we apply Starobinsky’s formalism [15,16]
to a scalar field Ψ described by the Lagrangian
L = −√−g
(
1
2
gµν∂µΨ∂νΨ + V (Ψ)
)
(9)
where V (Ψ) = −M3Ψ is the self-interaction potential of
the scalar field taken to be linear in Ψ , with M being a
mass scale. The resulting Klein-Gordon equation reads
Ψ¨ + 3HΨ˙ − ∇
2Ψ
a2
+ V,Ψ = 0 (10)
where V,Ψ is the derivative of the scalar potential with
respect to the scalar field. We take the onset of inflation
to be at t = 0, and we work perturbatively around the
non-dynamical de Sitter background
ds2 = −dt2 + exp(2Ht)dx dx (11)
with the inflationary scale factor being a(t) = exp(Ht),
and H being the Hubble constant.
In the leading logarithm approximation the scalar
field behaves like a stochastic variable φ satisfying Langevin’s
equation
φ˙(t,x) = f(t,x)− V,φ
3H
(12)
where the stochastic source f(t,x) has the properties
of the Gaussian white noise
〈f(t1,x)f(t2,x)〉 = H
3
4π2
δ(t1 − t2) (13)
(see however eq. (11) of [16] for the general case where
the two space-like points x1,x2 are taken to be differ-
ent). Langevin’s equation above can be rigorously de-
rived from the underlying quantum field theory [15], or
it can be easily obtained from the Klein-Gordon equa-
tion by applying the stochastic rules of [27], namely
- During inflation the scale factor varies faster than
the scalar field, and therefore the Hubble friction term
dominates over the spatial derivative and the second
time derivative terms.
- We replace the full field Ψ with its stochastic coun-
terpart φ.
- We make the substitution φ˙ → φ˙ − f , where f is
the stochastic source.
Since the scalar potential is linear, the correspond-
ing Fokker-Planck equation takes the form
∂u(t, φ)
∂t
= −M
3
3H
∂u(t, φ)
∂φ
+
∆
2
∂2u(t, φ)
∂2φ
(14)
where we have put ∆ = H3/(4π2). It is trivial to check
that the condition (8) is satisfied, and therefore for this
model we can find exact analytical solution of the FP
equation. According to the previous discussion, the FK
equation can be recast in the diffusion equation ωτ =
ωyy and the solution is given by
u(t, φ) = h(t, φ)ω(τ(t, φ), y(t, φ)) (15)
where h(t, φ), y(t, φ), τ(t, φ) are given by [26]
h(t, φ) = exp
(
M3φ
3H∆
− M
6t
18∆H2
)
(16)
y = φ (17)
τ = ∆t/2 (18)
Therefore, the final expression for the solution is given
by
u(t, φ) =
1√
2π∆t
exp
(
− (φ−
M3t
3H )
2
2∆t
)
(19)
Therefore it is now straightforward to compute the first
stochastic expectation values 〈φ〉, 〈φ2〉, 〈φ3〉 and 〈φ4〉,
which are found to be
〈φ〉 = M
3t
3H
(20)
〈φ2〉 =
(
M3 t
3H
)2
+∆ t (21)
〈φ3〉 =
(
M3 t
3H
)3
+
M3 t2
H
∆ (22)
〈φ4〉 =
(
M3 t
3H
)4
+ 6∆
(
M3
3H
)2
t3 + 3(∆ t)2 (23)
where we have made use of the Gaussian integrals∫
∞
−∞
dx exp(−αx2) =
√
π√
α
(24)
∫
∞
−∞
dx x2 exp(−αx2) =
√
π
2α3/2
(25)
∫
∞
−∞
dx x4 exp(−αx2) = 3
√
π
4α5/2
(26)
In the formulas obtained above, it is easy to check that
when M = 0 we recover the known result for the pure
diffusion case. Note that there are two contributions
with different time dependence. In particular, theM de-
pendent terms are due to the classical linear potential,
while the M independent terms are due to quantum ef-
fects, and they are just the ones of massless scalar fields.
Equivalently, we switch from the cosmological time t to
the inflationary scale factor a by using t = ln(a)/H and
we find the following expressions
〈φ〉 = M
3ln(a)
3H2
(27)
4〈φ2〉 = H
2ln(a)
4π2
(
1 +
4π2M6
9H6
ln(a)
)
(28)
〈φ3〉 = M
3ln2(a)
4π2
(
1 +
4π2M6ln(a)
27H6
)
(29)
〈φ4〉 = 3H
4ln2(a)
16π4
(
1 +
8π2M6
9H6
ln(a) +
16π4M12
243H12
ln2(a)
)
(30)
The factors ln(a) associated to theM independent quan-
tum effects are the IR logarithms mentioned in the In-
troduction. The model is characterized by two mass
scales, H,M , and we can view the ratio M/H as a di-
mensionless coupling constant. As already mentioned,
even if M/H is small, when inflation has proceeded for
a long time the large logarithms eventually overcome
the small coupling constant.
Powers of H t due to quantum effects of massless
gravitons slow inflation [28]. In this model, however,
it is the classical effect of the scalar field rolling down
the linear potential that slows inflation. As it has been
shown in [29, 30], massless canonical scalar fields (with
vanishing potential) contribute negligibly to the energy
density in de Sitter, and lead to negligible backreaction.
On the contrary, the classical homogeneous field rolling
down the linear potential discussed here will eventually
develop an energy density comparable to the cosmolog-
ical constant.
Since the probability density function is Gaussian,
it is characterized by only two parameters, and there-
fore all moments can be given in terms of the first two.
However, in the following we shall compute the generic
stochastic expectation value φ2n for even powers and
φ2n+1 for odd powers in closed form. To this end we
change variable z = φ− (M3t)/(3H), use the binomial
expansion
(a+ b)m =
m∑
k=0
m!
k!(m− k)!a
m−kbk (31)
and make use of the integral∫
∞
−∞
dx x2m exp(−αx2) = (2m− 1)!!
√
π
2mαm
√
α
(32)
We obtain the final result
〈φ2n〉(
M3t
3H
)2n = 1 +
n∑
k=1
(2n)!
(2k)!(2n− 2k)!
(2k − 1)!!
(2αφ¯2)k
(33)
for even powers, and similarly for odd powers we obtain
the formula
〈φ2n+1〉(
M3t
3H
)2n+1 = 1 +
n∑
k=1
(2n+ 1)!
(2k)!(2n− 2k + 1)!
(2k − 1)!!
(2αφ¯2)k
(34)
where we have defined α−1 = 2∆t and φ¯ = (M3t)/(3H),
and it is straightforward to check that for n = 1, 2 one
obtains the previous expressions for 〈φ2〉, 〈φ3〉 and 〈φ4〉.
The last two expressions are the main result of this
article. As most of the equations in realistic models are
solved either numerically or approximately, it is always
desirable to have exact analytical solutions. We find it
remarkable that the linear scalar potential i) can be
derived in the framework of well-established quantum
field theory, ii) is still in agreement with observations,
and iii) the corresponding Fokker-Planck equation can
be recast into the diffusion equation and thus be solved
exactly.
A final remark is in order here. Throughout this
work we imagine that the scalar field is a spectator to
inflation, and we have worked perturbatively around a
non-dynamical de Sitter background, which is an ex-
cellent approximation to inflation. However, the scalar
field can no longer be treated as a spectator when its
energy density becomes comparable to the cosmological
constant. This happens for a number of e-foldsN∗ = Ht
given by
N∗ =
9H4M2p
M6
(35)
where Mp is the reduced Planck mass. If we require
that this happens after N = 60 we obtain the following
bound on M
M ≤
(
9H4M2p
60
)1/6
(36)
Before finishing we show that it is possible to obtain
the same results following another approach by solving
the Langevin’s equation directly. With the initial con-
dition φ(0) = 0, the solution for φ(t) is given by
φ(t) =
M3t
3H
+
∫ t
0
ds f(s) (37)
From this one can immediately see that 〈φ〉 = (M3t)/(3H)
since 〈f(t)〉 = 0. Then, by squaring the solution and us-
ing the property of the stochastic source, namely 〈f(t1)f(t2)〉 =
∆δ(t1− t2), one obtains the previous expression for the
second moment. In a similar way the third and the
fourth moments can also be computed.
4 Conclusions
In the present article we have applied Starobinsky’s
technique of stochastic inflation to the case of a mini-
mally coupled scalar field with a linear self-interaction
5potential. This type of inflaton potential, although still
in agreement with the latest Planck results, could not
be obtained from a fundamental theory of particle physics.
However, it recently became relevant since it has been
shown that the linear potential can be obtained in the
context of well-defined quantum field theory from a
Coleman-Weinberg potential, provided that a nonmin-
imal coupling to gravity is also present. We have ob-
tained analytical expressions for the stochastic expecta-
tion values φ2n (even powers) and φ2n+1 (odd powers)
in two ways. First by solving exactly the correspond-
ing Fokker-Planck equation for the density probability
function, and then directly by using the Klein-Gordon-
Langevin equation and the properties of the stochastic
source. The two approaches give us the same results as
expected.
5 Acknowledgments
The author thanks the Fundac¸a˜o para a Cieˆncia e Tec-
nologia (FCT), Portugal, for the financial support to
the Multidisciplinary Center for Astrophysics (CEN-
TRA), Instituto Superior Te´cnico, Universidade de Lis-
boa, through the Grant No. UID/FIS/00099/2013. In
addition, he thanks the anonymous reviewer for her/his
comments and suggestions that improved the quality of
the manuscript, and R. Woodard for useful correspon-
dence.
References
1. A. A. Starobinsky, Phys. Lett. 91B (1980) 99.
2. A. Guth , Phys. Rev. D 23, 347 (1981);
A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48,
1220 (1982);
A. D. Linde, Phys. Lett. B 129 (1983) 177.
3. K. N. Abazajian et al., Astropart. Phys. 63 (2015) 55
[arXiv:1309.5381 [astro-ph.CO]].
4. V. F. Mukhanov, H. A. Feldman and R. H. Branden-
berger, Phys. Rept. 215 (1992) 203.
5. D. H. Lyth and A. Riotto, Phys. Rept. 314 (1999) 1
[hep-ph/9807278];
J. Martin, C. Ringeval and V. Vennin, Phys. Dark Univ.
5-6 (2014) 75 [arXiv:1303.3787 [astro-ph.CO]].
6. W. H. Kinney, E. W. Kolb, A. Melchiorri and A. Riotto,
Phys. Rev. D 69 (2004) 103516 [hep-ph/0305130].
7. P. A. R. Ade et al. [Planck Collaboration],
arXiv:1502.02114 [astro-ph.CO].
8. F. L. Bezrukov, A. Magnin and M. Shaposhnikov, Phys.
Lett. B 675 (2009) 88 [arXiv:0812.4950 [hep-ph]];
F. Bezrukov and M. Shaposhnikov, JHEP 0907 (2009)
089 [arXiv:0904.1537 [hep-ph]].
9. S. R. Coleman and E. J. Weinberg, Phys. Rev. D 7 (1973)
1888.
10. M. Rinaldi, L. Vanzo, S. Zerbini and G. Venturi, Phys.
Rev. D 93 (2016) 024040 [arXiv:1505.03386 [hep-th]].
11. K. Kannike, A. Racioppi and M. Raidal, JHEP 1601
(2016) 035 [arXiv:1509.05423 [hep-ph]].
12. N. C. Tsamis and R. P. Woodard, Phys. Rev. D 54 (1996)
2621 [hep-ph/9602317];
T. Brunier, V. K. Onemli and R. P. Woodard, Class.
Quant. Grav. 22 (2005) 59 [gr-qc/0408080];
N. C. Tsamis and R. P. Woodard, Annals Phys. 321
(2006) 875 [gr-qc/0506056];
S. P. Miao and R. P. Woodard, Phys. Rev. D 74 (2006)
044019 [gr-qc/0602110];
E. O. Kahya and R. P. Woodard, Phys. Rev. D 74 (2006)
084012 [gr-qc/0608049].
13. N. C. Tsamis and R. P. Woodard, Nucl. Phys. B 474
(1996) 235 [hep-ph/9602315];
N. C. Tsamis and R. P. Woodard, Annals Phys. 253
(1997) 1 [hep-ph/9602316];
R. P. Woodard, astro-ph/0310757.
14. R. P. Woodard, Nucl. Phys. Proc. Suppl. 148 (2005) 108
[astro-ph/0502556].
15. A. A. Starobinsky, ”Stochastic de Sitter (inflationary)
stage in the early universe”, in Field Theory, Quantum
Gravity and Strings, ed. H. J. de Vega and N. Sanchez
(Springer-Verlag, Berlin, 1986), Lect. Notes in Physics
246, pp 107-126.
16. A. A. Starobinsky and J. Yokoyama, Phys. Rev. D 50
(1994) 6357 [astro-ph/9407016].
17. T. Prokopec, N. C. Tsamis and R. P. Woodard, Annals
Phys. 323 (2008) 1324 [arXiv:0707.0847 [gr-qc]].
18. P. A. R. Ade et al. [BICEP2 and Keck Array Col-
laborations], Phys. Rev. Lett. 116 (2016) 031302
[arXiv:1510.09217 [astro-ph.CO]].
19. A. Einstein, On the movement of small particles sus-
pended in stationary liquids required by the molecular-
kinetic theory of heat, Ann. d. Phys., 17, p. 549, 1905.
20. M. Smoluchowski, Essai dune thorie cintique du mouve-
ment Brownien et des milieux troubles (Outline of the
kinetic theory of Brownian motion of suspensions), Bul-
letin International de lAcadmie des Sciences de Cracovie,
p. 577602, (1906).
21. P. Langevin, Sur la the´orie du mouvement brownien, C.
R. Acad. Sci. (Paris) 146, 530-533 (1908).
22. D. S. Lemons and A. Gythiel, Paul Langevins 1908 paper
”On the Theory of Brownian Motion”.
23. George B. Arfken, Hans J. Weber, Mathematical Meth-
ods for Physicists, sixth edition.
24. J. Perrin, Les Atomes (Fe´lix Alcan, Paris, 1913).
25. Risken H., The Fokker-Planck Equation, Springer,
Berlin, 1984;
Gardiner C.W., Handbook of Stochastic Methods,
Springer, Berlin, 2004.
26. V. Stohny, Symmetry Properties and Exact Solutions
of the Fokker-Planck Equation, Nonlinear Mathematical
Physics 1997, V.4, N 117 132176.
27. N. C. Tsamis and R. P. Woodard, Nucl. Phys. B 724
(2005) 295 [gr-qc/0505115].
28. N. C. Tsamis and R. P. Woodard, Phys. Lett. B 426
(1998) 21 [hep-ph/9710466].
29. F. Finelli, G. Marozzi, A. A. Starobinsky, G. P. Vacca
and G. Venturi, Phys. Rev. D 79 (2009) 044007
[arXiv:0808.1786 [hep-th]].
30. D. Glavan, T. Prokopec and V. Prymidis, Phys. Rev. D
89 (2014) no.2, 024024 [arXiv:1308.5954 [gr-qc]].
